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We analyze the scalar radiation emitted by a source in a circular geodesic orbit around a
spherically symmetric black hole. The black hole spacetime considered is quite general,
in the sense that it encompasses the solutions of Schwarzschild and Reissner-Nordstro¨m,
and also the Bardeen solution of a regular black hole. We use the framework of quantum
field theory in curved spaces to compute the one-particle emission amplitude of scalar
particles and related quantities.
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1. Introduction
Black holes (BHs) are one of the most important predictions of General Relativity
(GR). Their strong gravity regime and nontrivial causal structure provide a very
rich setting for the study of a plethora of different phenomena. Moreover, BH space-
times are central objects in the discussion of quantum theories of gravitation, where
they are believed to play an important part. Understanding BH interactions with
fundamental fields is, therefore, of paramount importance.
By looking at the effect that the spacetime curvature has on the field observables,
such as absorption and scattering data1–3 or the field quasinormal modes,4–6 we
may infer some of the BH properties. In particular, the study of test fields through
radiation emission by matter in the vicinity of BHs provides insights both to how
matter behaves in strong gravity regimes and to the dynamics of spacetime itself.
Additionally, the recent detection of gravitational waves radiated by a BH binary
merger7 have intensified efforts in related research subjects.
According to the weak cosmic censorship conjecture,8,9 singularities in GR are
protected by event horizons, what means that they are located inside an event
horizon. Moreover, the singularity theorems impose very restrictive constraints on
the types of matter that can avoid their formation through gravitational collapse.10
Regular BHs, those with no singularities, are solutions of the Einstein equations,
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but, to circumvent the singularity theorems in GR, the gravitating source usually
violates some energy condition. Thus, such a source must consist of exotic matter.
The first known regular BH is the Bardeen solution.11 Nevertheless, regular BH
spacetimes may also appear as an effective spacetime description in a quantum
theory of gravity.12 The Bardeen BH scalar absorption and scattering spectra were
analyzed in Refs. 13 and 14. The quasinormal modes were also computed.15,16
However, the study of radiation emission in the vicinity of these objects has received
less attention in the literature.
The scalar radiation emitted by a source in circular geodesic orbit around a
Schwarzschild BH was analyzed in Refs. 17 and 18. In this case, the source can emit
synchrotron radiation, that is, radiation distributed in narrow angles, mainly con-
centrated in the plane of orbit, and with frequencies much higher than the angular
frequency of the orbit. The scalar field was used as a first approximation model
to more realistic settings. Nevertheless, this simple model can qualitatively cap-
ture several features of the electromagnetic or gravitational radiation cases. Using a
quantum field theory in curved spacetime approach, several radiation settings near
BHs were studied, where the emitted radiation is investigated by computing the one-
particle emission amplitude at tree level, due to the field being excited by an external
source. For a source rotating around a Schwarzschild BH, the scalar,19–21 electro-
magnetic22 and gravitational23 radiation have been analyzed. It was found that,
although quite similar to the scalar and electromagnetic radiations, the polariza-
tion present in the gravitational case presents an obstacle for synchrotron radiation
to occur, in accordance with past results.24,25 For rotating BHs, the scalar radiation
case was computed in Ref. 26. There are also results for the Reissner-Nordstro¨m
spacetime,27 as well as for Schwarzschild-anti-de Sitter geometry.28 Although equiv-
alent to the classical results, this semiclassical approach naturally extends to fields
of different spins. Additionally, the introduction of quantum effects, such as radia-
tive corrections or the interaction with quantum sources,a is readily available with
this method.
The purpose of this paper is to extend the works in Refs. 19, 21, 27 and 29, by
considering a general spherically symmetric BH spacetime, instead of a specific BH
case. We also compute the radiation spectral distribution, displaying its synchrotron
behavior. In Sec. 2, we give some details of the spacetime of a spherically symmetric
BH and present the quantization of a massless scalar field in this curved spacetime.
The scalar source and emitted radiation are presented in Sec. 3. We present some
of our results in Sec. 4. We conclude with a discussion in Sec. 5. Throughout, we
use natural units (c = G = ~ = 1), and the metric signature (−,+,+,+).
aA two-level Unruh detector, for example.
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2. Quantization of the Scalar Field in Spherically Symmetric
Spacetimes
We assume the BH spacetime to be asymptotically flat, spherically symmetric and
static. Additionally, it is regular everywhere except at the origin, where it can be
singular. The line element may then be written as
ds2 = −f(r)dt2 + g(r)dr2 + r2(dθ2 + sin θ2dφ2), (1)
where (t, r, θ, φ) are Schwarzschild-like coordinates. The event horizon location, r+,
is given by solving
f(r+) = 0. (2)
The line element given by Eq. (1) describes a static, electrically charged BH, a
solution of the Einstein-Maxwell system, if the functions f and g are given by
f(r) = g(r)−1 = 1− 2M
r
+
q2RN
r2
, (3)
whereM is the BH mass, qRN is the electric charge and we have that 0 ≤ |qRN | ≤M .
This is the so-called Reissner-Nordstro¨m solution. The event horizon is located at
r+ = M +
√
M2 − q2RN . (4)
Note that the Schwarzschild solution is recovered when qRN = 0, with the event
horizon located at r+ = 2M .
The spacetime of a regular BH, the Bardeen solution,11 can also be associated
to the line element given by Eq. (1), with
f(r) = g(r)−1 = 1− 2Mr
2
(r2 + q2B)
3
2
. (5)
The parameter M is associated to the BH mass, while the parameter qB is the charge
of a magnetic monopole in a theory of nonlinear electrodynamics.30 This solution
can also be associated to an electric source, in a different nonlinear electrodynamics
theory.31 In the context of nonlinear electrodynamics, other electrically charged
regular BH solutions have also been found.32,33 An event horizon is located at r+
satisfying f(r+) = 0, provided that 0 ≤ |qB | ≤ 4M/(3
√
3). There is no singularity
at the origin r = 0 and the function f(r) ≈ 1 − 2Mr2/q3B behaves similar to the
one found in de Sitter space in the static patch. This solution violates the strong
energy condition inside the BH.34 In order to compare the Bardeen BH case with
the RN BH case, we define a normalized charge, with which we parametrize our
results, namely
Q(i) ≡ q(i)/qext(i) , (6)
with (i) = B,RN , qextB = 4M/(3
√
3) and qextRN = M are the charges of the extreme
cases.
The quantization of the massless scalar field in a general spherically symmet-
ric BH spacetime follows closely the quantization procedure in the spacetime of a
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Schwarzschild BH.19 The scalar field Φ(x) obeys the massless Klein-Gordon equa-
tion, given by
∇µ∇µΦ(x) = 0. (7)
A possible basis of solutions to Eq. (7), which are of positive frequency with
respect to the timelike Killing vector field ∂t, may be given as
uωlm(x) =
√
ω
pi
ψωl(r)
r
Ylm(θ, φ)e
−iωt (ω > 0), (8)
where Ylm(θ, φ) are the scalar spherical harmonics, normalized such that∫
S2
sin θdθdφYlmYl′m′ = δll′δmm′ . (9)
The overbar denotes complex conjugation. The functions ψωl(r) satisfy the equation:[
−
√
f(r)
g(r)
d
dr
(√
f(r)
g(r)
d
dr
)
+ Veff(r)
]
ψωl(r) = ω
2ψωl(r), (10)
where the effective potential is written as (see Fig. 1)
Veff(r) = f(r)
{
l(l + 1)
r2
+
1
2rf(r)
d
dr
[
f(r)
g(r)
]}
. (11)
We choose the two independent solutions to Eq. (10) to have the following
asymptotic forms
ψupωl ≈
{
Aupωl
(
eiωr
∗
+Rupωl e−iωr
∗)
, r & r+,
AupωlT upωl eiωr
∗
, r  r+,
(12)
ψinωl ≈
{
AinωlT inωl e−iωr
∗
, r & r+,
Ainωl
(
e−iωr
∗
+Rinωleiωr
∗)
, r  r+,
. (13)
The tortoise coordinate, r∗, can be computed by
dr∗ ≡
√
g(r)
f(r)
dr. (14)
We assume the existence of a past event horizon, i.e. the BH is eternal. The up
solutions are associated with modes purely incoming from the past event horizon
H−, while the in solutions are associated with modes purely incoming from the past
null infinity J−. This is pictorially represented in Figs. 2 and 3.
We expand the quantum field operator Φˆ(x) as
Φˆ(x) =
∑
P
∑
l,m
∫ ∞
0
dω
[
uPωlm(x)aˆ
P
ωlm + H.c.
]
, (15)
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Fig. 1. Effective potential, given by Eq. (11), plotted for l = 2, as a function of r/r+ for the
Schwarzschild BH case (|QB | = 0) and the Bardeen BH cases with the |QB | = 0.6 and |QB | = 0.99.
up - modes
Past null infinity
J−
Future null infinity
J +
Past horizon
H−
Future horizon
H+
Fig. 2. The up modes in the Penrose diagram of the BH outside region.
where the superscript P labels the in and up modes. The modes uPωlm(x) are nor-
malized according to the Klein-Gordon inner product, defined by
〈Φ,Ψ〉 ≡ i
∫
Σ
dΣµ
(
Φ∇µΨ−Ψ∇µΦ
)
, (16)
where Σ is a Cauchy hypersurface. The inner product (16) does not depend on
the choice of the hypersurface Σ, if Φ and Ψ satisfy the equations of motion.35 We
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Fig. 3. The in modes in the Penrose diagram of the BH outside region.
require
〈uPωlm, uP
′
ω′l′m′〉 = δPP
′
δll
′
δmm
′
δ(ω − ω′), (17)
and we obtain the overall normalization constants in Eqs. (12) and (13), namely
Ainωl = A
up
ωl =
1
2ω
. (18)
To obtain the normalization given by Eq. (18), we need to use Eq. (10), that ψωl
(and ψωl as well) satisfy, together with
1
ω′ − ω
[
ψP
′
ω′l
dψPωl
dr∗
− ψPωl
dψP
′
ω′l
dr∗
]∣∣∣∣∣
r∗→+∞
r∗→−∞
= 4piω|Aωl|2δPP ′δ(ω − ω′). (19)
With the normalization above, the operators, aˆP†ωlm and aˆ
P
ωlm, satisfy the nonvan-
ishing commutation relations, given by
[aˆPωlm, aˆ
P ′†
ω′l′m′ ] = δ
PP ′δll
′
δmm
′
δ(ω − ω′) (20)
and have the usual interpretation of creation and annihilation operators, respec-
tively.
3. Scalar Radiation from a Source in Circular Geodesic Motion
Let us now compute the scalar radiation emitted by a source in circular geodesic
orbit around the BH. We consider an external scalar source j(x) interacting with
the scalar field via the interaction action
SˆI =
∫
d4x
√−g j(x)Φˆ(x). (21)
The source moves with constant angular velocity Ω,b at r = R, in the plane θ = pi/2.
Hence the source current is given by
j(x) =
λ
ut
√−g δ(r −R)δ(θ − pi/2)δ(φ− Ωt), (22)
bThis quantity is measured by asymptotic static observers.
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where λ is a small coupling constant. The 4-velocity of the source is
uµ = (γ, 0, 0, γΩ), (23)
where
γ =
dt
dτ
=
1
[f(R)−R2Ω2] 12 . (24)
The orbital angular velocity, as a function of the orbit radius R, is given by
Ω(R) =
√
f ′(R)
2R
. (25)
We note in passing that g(r) plays no role in the source’s motion, since there is
no change in its radial position. (For a review of geodesics in a general spherically
symmetric spacetime, we refer the reader to Ref. 36.)
The one-particle emission amplitude may be computed to first order in pertur-
bation theory and is given by
AP ;ωlmem = 〈P ;ωlm|iSˆI |0〉 = i
∫
d4x
√−g j(x)uPωlm(x). (26)
This is the amplitude for emission of a P = in, up scalar particle with a given
frequency ω and angular quantum numbers l and m. The vacuum state is the one
defined by
aˆPωlm|0〉 = 0. (27)
This vacuum state plays the same role as the Boulware vacuum in Schwarzschild
spacetime.37 If we had considered the Unruh-38 or Hartle-Hawking-like vacuum
states,39 the power would be the one associated with the net emitted radiation.29
The emission amplitude, given by Eq. (26), is proportional to∫
ei(ω−mΩ)tdt = 2piδ(ω −mΩ), (28)
i.e. there is only emission of scalar particles with ω = mΩ. In particular, only the
modes with m ≥ 1 contribute to the emitted radiation.
The emitted power due to a given mode of a P -type scalar particle, with fre-
quency ω and quantum numbers l and m, is then given by
WP ;lmem =
∫ ∞
0
dω ω |AP ;ωlmem |2/T, (29)
where T =
∫∞
−∞ dt = 2piδ(0) is the total time that the source spents emitting
radiation (as measured by an asymptotic static observer).40,41 Using the source
given by Eq.( 22), we obtain the following emitted power
WP ;lmem = 2ω
2
mλ
2[f(R)−R2Ω2]
∣∣∣∣∣ψPωmlR
∣∣∣∣∣
2
|Ylm(pi/2,Ωt)|2 ,
(30)
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where
ωm ≡ mΩ. (31)
The |Ylm(pi/2,Ωt)|2 is time independent, it vanishes for odd values of l +m and
|Ylm(pi/2,Ωt)|2 = 2l + 1
4pi
(l +m− 1)!!(l −m− 1)!!
(l +m)!!(l −m)!! (32)
for even values of l +m.42 Hence, for a certain frequency ωm = mΩ of the emitted
radiation, the multipole modes that contribute to the emitted power are the ones
with l = m,m+ 2,m+ 4, ....
The total emitted power is given by
Wem =
∑
P=in,up
∑
l,m
WP ;lmem . (33)
To compute the amount of radiation that is observed at infinity, we have to consider
the modes that are purely outgoing at future null infinity J +, i.e. no radiation
entering the inside region of the BH. These are the out modes, related to the in
modes by complex conjugation. Hence, the observed power at infinity is obtained
by summing only the contributions from the in modes in Eq. (33), namely43
W inem =
∑
l,m
W in;lmem , (34)
which can be compared to the total emitted power.
4. Results
We integrate Eq. (10) to obtain the radial functions ψupωl and ψ
in
ωl. For this, the same
numerical procedure as the one in Ref. 29 is used. We invert Eq. (25) to obtain R
as a function of Ω. In this manner, the emitted power is computed as a function of
quantities measured at infinity (M and Ω).
In Ref. 29, some results for the scalar radiation from a source rotating around
a Bardeen BH have been obtained. For completeness, we briefly describe some of
them here. In comparison with the RN BH case with the same normalized charge,
the emitted power, for a given choice of l and m, namely
W lmem = W
in;lm
em +W
up;lm
em , (35)
is greater in the Bardeen BH case for low angular velocities, as can be seen in
Fig. 4. This is mainly due to the behavior of the metric far away from the BH
(where Ω→ 0). The charge contribution to the metric falls off faster in the Bardeen
BH case than in the RN BH case. Thus, far away from the BH, that is, in the region
where Ω → 0, the emitted power in the Bardeen case, being greater than the RN
BH one,c is closer to the Schwarzschild BH emitted power.
cNevertheless, the RN BH and Bardeen BH emitted powers are still very similar for low angular
velocities.
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Fig. 4. Emitted power of the mode l = m = 1, as a function of Ω, for the scalar source in circular
orbit around the following BHs: (i) a Schwarzschild BH; (ii) a Bardeen BH with |QB | = 0.95; (iii)
a Reissner-Nordstro¨m BH with |QRN | = 0.95.
As shown in Fig. 5, the peak of the total emitted power decreases as we increase
the charge of the Bardeen BH. In the RN BH spacetime, we first see an increase
in the peak height of the total emitted power as we increase the charge. From
QRN & 0.7, the behavior is similar to the Bardeen BH case. As the charge in the
RN case increases, the in mode peaks display a significant increase in height (top
plot in the right panel of Fig. 5). Moreover, the up mode peaks in the RN BH case
fall off very slowly as the charge increases, as seen in the middle right panel of Fig. 5.
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Fig. 5. Emitted power for in (top), up (middle) modes and their sum (bottom) of the l = m = 1
mode, as a function of Ω, in the Bardeen BH case (left), and in the RN BH case (right), with
different values of |QB | and |QRN |, respectively.
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We plot the ratio between the observed power at infinity, W inem, given by Eq. (34),
and the total emitted power, given by Eq. (33) in Fig. 6. We see that, in both RN
and Bardeen BH cases, they present a larger amount of radiation reaching null
infinity, in comparison with the similar situation in a Schwarzschild BH. This is
expected since their charge contribution to the metric has the sign opposite to the
monopole (mass) term. The barrier in the effective potential, given by Eq. (11),
becomes smaller as we increase the absolute value of the charge (see Fig. 1), thus
allowing more of the scalar radiation to reach null infinity.
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9
 1
 0  5  10  15  20  25
W
in em
 
/ W
em
102 Ω M
Bardeen BH with | QB | = 0.95
RN BH with | QRN | = 0.95
Schwarzschild BH
Fig. 6. Ratio between the observed power at infinity, given by Eq. (34), and the total emitted
power, given by Eq. (33). The l summations of Eqs. (33) and (34) is truncated at lmax = 20. The
Bardeen BH and the RN BH have been chosen such that |Q(i)| = 0.95 in both cases.
For a given frequency ωm = mΩ of the emitted radiation observed at null infinity,
we compute the spectral distribution by summing all the contributions from the
different multipole modes to the total observed radiation, namely
P (ωm) =
∞∑
l=m
W in;lmem . (36)
We compute the spectral disribution when the scalar source is located at R/M =
rph/M + δ, where rph is the photon sphere radial position.
36 We take δ = 10−4, i.e.
the source is very near the last unstable timelike circular orbit and the radiation
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exhibits a synchrotron behavior.21 Although an emitting source in an unstable orbit
would rapidly descend into the BH, this can be seen as a first approximation to the
setting where the source is supported by an external force. For the Bardeen BH
case, the total amount of radiated power to infinity decreases (in comparison to the
Schwarzschild case) as we increase the normalized charge, as we can see in Fig. 7.
However, the spectral distribution displays a minor shift towards lower frequencies
when we increase the charge, which can be noted in Fig. 9.
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Schwarzschild BH
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|QB| = 0.99
Fig. 7. Spectral distributions for a Schwarzschild BH and Bardeen BHs with different values of
the charge |QRN |. The source is located at R/M = rph/M + δ, with δ = 10−4 and rph is the
photon sphere radial position.
In Fig. 8, we consider the RN BH case, which is more involved. At first, the
total amount of radiation to infinity displays a slight increase when we increase
the normalized charge. For the charge larger than a certain value, the value of the
spectral distribution peak decreases.
To better analyze the shifts in the spectral distribution in the three cases, we
normalize them by their respective maximum values in Fig. 9, for representative
values of the normalized charges. There is almost no change in the Bardeen BH
case, besides a minor shift towards lower frequencies. In the RN BH case, there is a
notable shift in the distribution towards higher frequencies. One can also note that,
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Fig. 8. Spectral distributions for a Schwarzschild BH and RN BHs with different values of the
charge |QRN |. The source is located at R/M = rph/M + δ, with δ = 10−4, and rph is the photon
sphere radial position.
in all three cases, the spectral distribution peak is located at m ≈ 500,d that is,
most of the radiation is due to very high multipoles.
5. Final Remarks
Regular black holes are remarkable solutions in General Relativity and other alter-
native theories of gravity and they provide a good platform to study the avoidance
of singularities in geometric theories of gravity. Outside the horizon, Bardeen black
holes are similar to a Reissner-Nordstro¨m (or even a Schwarzschild) black hole. In
this work, we have considered the radiation emission by a scalar source rotating
around a general spherically symmetric black hole and analyzed some of its features
when the black hole spacetime is the Schwarzschild, Reissner-Nordstro¨m or Bardeen
solution. In particular, we note their differences in the spectral distribution of the
radiation, where it was shown to be very similar in the Bardeen and Schwarzschild
cases. In comparison, the spectral distribution displays a shift towards higher fre-
quencies in the Reissner-Nordstro¨m solution setting.
dWe recall that, for a source in circular orbit, the frequency ω is linked to the angular quantum
number m by Eq. (31).
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Fig. 9. Normalized spectral distributions for three cases: a Schwarzschild BH, a Bardeen BH with
|QB | = 0.99 and a RN BH with charge QRN = 0.99. The source is located at R/M = rph/M + δ,
with δ = 10−4 and rph is the photon sphere radial position. All the functions are normalized by
their maximum achieved value.
A possible extension of this work is to consider more general black holes, like
rotating solutions, especially in regards to the frequency spectrum of the radiation
and whether or not the source is co- or counterrotating with the black hole. An-
other important extension is to consider alternative theories of gravity, instead of
exotic matter sources, in the radiation emission processes. In particular, an analysis
of slowly rotating solutions in quadratic theories of gravity44,45 could provide us
some insights and bounds to the deviations from GR. Finally, our analysis was done
for emission of massless scalar particles. Although we expect a similar qualitative
behavior for fields with different spins, like electromagnetic or gravitational radia-
tion, the additional polarizations change the spectral distribution and it would be
interesting to see if this same pattern occurs in the charged solutions considered
here.
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